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a  b  s  t  r  a  c  t

Impedance  measurements  of  both  electrodes  of  a flooded  OEM  SLI  battery  at various  SOC  and  with  various
direct currents  have  been  measured.  For  each  part  of  the  impedance  spectra,  an  electrochemical  process
is proposed  and implemented  in  a simulation  model.  By simulation  of impedance  spectroscopy,  spectra
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of  the  model  are obtained  and  compared  with  the  measurement.  In the  first  part,  the  focus  was  put  on
inductive  semicircles,  while  in  this  second  part,  concentration  limitation  and  its  appearance  in  impedance
spectra  is  investigated.

© 2011 Elsevier B.V. All rights reserved.
ramer-Kronig

. Introduction

In the first part of this paper, inductive semicircles occurring
n the spectra of both positive and negative electrode of lead-
cid batteries have been regarded. All spectra shown in that part
ave been corrected for points that are not consistent according to
ramers–Kronig consistency check.

Strictly speaking, the impedance can only be calculated if three
onditions are fulfiled: linearity, time invariance and causality.
inor violations of linearity and time invariance are tolerable,
hich is then called quasi-linear or quasi-stationary. They can be

ompensated during the measurement and data processing [4].
f the violations are within tolerable limits can be tested with
he Hilbert or Kramers–Kronig transform [1,6,7].  Especially non-
inearity is not a problem if both real and imaginary part changes by
he same factor [7]. The principle of Kramers–Kronig is to calculate
he real part from the imaginary part or vice versa:

m{Z-(ω)} = 2ω

�

∫ ∞

0

Re{Z-(�)} − Re{Z-(ω)}
�2 − ω2

d� (1)

∫ ∞

e{Z-(ω)} = Re{Z-(ω → ∞)} + 2ω

�
0

� · Im{Z-(�)} − ω · Im{Z-(ω)}
�2 − ω2

d�

(2)
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The calculation can then be compared with the measurement.
From Eqs. (1) and (2) it becomes clear that also measurements at
ω = 0 and ω → ∞ are needed to calculate the integrals. Schiller et al.
[3] have developed a method called Z-HIT to overcome this prob-
lem. The absolute value of the impedance |Z- | is estimated from the
phase angle � taking into account the frequency range from starting
frequency ωs to the currently regarded frequency ω:

ln
( |Z-(ω)|

|Z-(0)|
)

= 2
�

∫ ω

ωs

�(�)d ln � +
∑

k≥1,k odd

�k
dk�(ω)

(d ln ω)k
(3)

The first term on the right hand side is the logarithmic Hilbert
transform and the second term is a correction term accounting for
the limited frequency range.

Now, also the points that are not consistent are considered. Sim-
ulations assuming concentration limitation as the origin for the
deformation are shown and compared with the measurements.

2. Impedance spectra of lead-acid battery electrode

The impedance spectra of the positive and negative electrode
shown in Figs. 1 and 2 [Part I of this paper] are corrected for
impedance values that did not pass the Kramers–Kronig consis-
tency check, indicating that at least one prerequisite (linearity,
stationarity, causality) was  not fulfiled. Figs. 3 and 4 show the

same spectra as Figs. 1 and 2, respectively, but including those
values. Both at the negative and the positive electrode, the
consistency check fails at low frequencies at the end of each
measurement.

dx.doi.org/10.1016/j.jpowsour.2011.12.014
http://www.sciencedirect.com/science/journal/03787753
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Fig. 1. Impedance spectra during charging (left) and discharging (right) of the negative electrode of a 60 Ah flooded lead-acid battery at different SOC  at 25 ◦C, superposed
direct current is ±0.5 I20 and the SOC was adjusted by discharging. Measured frequencies are between 6 kHz and 3 mHz with eight frequencies per decade. Points that do not
pass  Kramers–Kronig consistency check are not shown; the complete spectra are depicted in Fig. 3.

Fig. 2. Impedance spectra during charging (left) and discharging (right) of the positive electrode of a 60 Ah flooded lead-acid battery at different SOC  at 25 ◦C, superposed
direct  current is ±0.5 I20. The SOC was  adjusted by discharging. Measured frequencies are between 6 kHz and 3 mHz with eight frequencies per decade. Points that do not
pass  Kramers–Kronig consistency check are not shown; the complete spectra are depicted in Fig. 4.
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Fig. 3. Impedance spectra of the negative electrode during charging (left) and discharging (right) as in Fig. 1 (different SOCs at 25 ◦C, superposed direct current is ±0.5 I20),
but  including impedance values that do not pass Kramers–Kronig consistency check. Note the different scaling. Measured frequencies are between 6 kHz and 3 mHz  with
eight  frequencies per decade [2].
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Fig. 4. Impedance spectra of the positive electrode during charging (left) and discharging (right) as in Fig. 2 (different SOCs at 25 ◦C, superposed direct current is ±0.5 I20),
but  including impedance values that do not pass Kramers–Kronig consistency check. Note the different scaling. Measured frequencies are between 6 kHz and 3 mHz  with
eight  frequencies per decade [2].
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differential equations of the negative (Section 3.1) and the positive
(Section 3.2) electrode.1 Equations to describe the concentration of
Pb2+ ions and H2SO4 have been derived by Sauer and simplified by
ig. 5. Measured and calculated (Z-HIT reconstruction) absolute value of the imped
ig.  3 right), right: positive electrode at 20% SOC during charge with 0.5 I20 (corresp

Fig. 5 exemplarily shows a comparison between the measured
nd reconstructed absolute value of the impedance for selected
pectra of the positive and negative electrode. At the negative elec-
rode, the agreement is quite good down to a frequency of about
0 mHz  and only down to about 100 mHz  at the positive electrode.

A failure of the consistency check does not necessarily mean that
he measurement equipment does not work well. As the problem
lways arises at low frequencies, it is more likely that the battery
eaves the tolerable range of deviation from linearity, stationarity
nd causality after some time of constant current charging or dis-
harging. Consequently, the prerequisites for the Kramers–Kronig
ransform are not fulfiled at the corresponding frequencies.

Most probably, the concentration limitation of the reaction
artners Pb2+ and SO4

2− ions leads to instationary and acausal
ehaviour of the battery. Concentration influences charge transfer

n a way that small concentration leads to a large charge-transfer
mpedance. At the negative electrode, concentration limitation
dditionally leads to “curls” at lower states of charge (Fig. 3 right)
nd at the positive electrode at 90% SOC also a kind of curl can be
bserved (Fig. 4 left) and the real part of the impedance becomes

egative in some cases. Even though the remaining points passed
ramers–Kronig check, this does not mean that they are not influ-
nced by concentration limitation. Especially the values close to
hose left out are most probably also influenced by concentration,
left: negative electrode at 20% SOC during discharge with 0.5 I20 (corresponding to
g to Fig. 4 left).

but the variation from one measurement to the next is so small that
the measurement can be assumed to be quasi-stationary.

3. Simulation

In the first part of this paper, concentration limitation has been
neglected. In reality, especially at low frequencies, the limitation of
charge carriers can be observed from curls or large impedance val-
ues at low frequencies. Instationarities can occur at both electrodes
and both during charging and discharging, which means that a lim-
itation of both Pb2+ ions during charging (reverse reaction of step
2 in Fig. 6) and of SO4

2− ions during discharging (step 3 in Fig. 6).
Such behaviour can also be simulated by limiting the concentra-
tion. For this, frequency-dependent factors are introduced in the
1 In reality, the concentration is not frequency dependent. However, as the con-
centration falls or rises with proceeding charge or discharge, this leads to an
apparent frequency dependency in a spectrum with superposed direct current. For
simplicity, in the simulations the concentration is kept constant for each frequency,
while in reality it changes gradually all the time.
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a rough estimation of the concentration, assuming further that the
concentration is constant during the simulation of each frequency
fi, Eq. (5) simplifies to:

F
R
K

ig. 6. Course of reaction during discharge (see Part I of this paper): (1) charge
ransfer, (2) desorption, and (3) chemical reaction.

hele [5].  They are further simplified in the following as the aim
ere is only to demonstrate the general impact of concentration

imitation.
A failure in Kramers–Kronig consistency check (Z-HIT) does not

ecessarily indicate a failure of the measurement device, but simply
hat at least one of the prerequisites linearity, causality and station-
rity is violated. The simulations shown in the following indicate
hat concentration limitation leads to a failure in the consistency
heck, so it can be assumed that this is also what happens during the
easurements. A concentration variation with frequency violates

t least the demand for stationarity. Stationarity requires that no
ther parameter than frequency changes from one measurement to
nother. Also causality is not fulfiled because the impedance is not
nly influenced by the input parameters current and voltage, but
lso by concentration, which cannot be influenced from outside.

.1. Negative electrode

Concentration factors cH2SO4 (f )/c0
H2SO4

and cPb2+ (f )/c0
Pb2+ are

dded in the adsorption/desorption part of the coverage equation
f the negative electrode (cp. Eq. (5) in Part I of this paper):
d�(t)
dt

= kct ·
(

(1 − �(t)) · exp
(

˛nF

RT
�(t)
)

− �(t) · exp
(
− (1 − ˛)nF

RT
�(t)
))

−

ig. 7. Simulation of negative electrode with frequency-dependent concentration lim
0 = 0.8 m�, Rcoating = 1 m�, Ccoating = 100 F,  ̨ = 0.6,  ̌ = 0.5, i0 = 15 A, CDL = 1000 F, kct = 0.0
ramers–Kronig consistency check (Z-HIT).
Fig. 8. Kramers–Kronig consistency check (Z-HIT) for the simulation with 4 I20 in
Fig. 7.

A simplified equation to calculate the H2SO4 concentration in
the pores of the negative electrode is:

cH2SO4 (t) = 1
εneg(t)

∫
εex

neg(t) · DH2SO4 (cH2SO4 ) · 
cH2SO4 (t)


x2

+ GMR,neg + GSR,negdt (5)

εneg is the porosity of the negative electrode, ex is an exponent,
DH2SO4 is the diffusion parameter of sulphuric acid, 
x  is the diffu-
sion distance and GMR and GSR are generation/consumption terms
for main and side reactions. During impedance-spectroscopy sim-
ulation it is assumed that the SOC and thus porosity stays more or
less constant. Gassing is not considered in the model and it can also
be assumed that the diffusion parameter stays constant. Thus, for
 kdesad ·
(

(cH2SO4 (f ))/(c0
H2SO4

) · �(t) · exp((ˇnF/RT)�(t))
−(cPb2+ (f )/c0

Pb2+ ) · (1 − �(t)) · exp(((1 − ˇ)nF/RT)�(t))

)
(4)

itation, frequency range 10 kHz to 0.1 mHz, eight frequencies per decade, with
01 s−1 and kdesad = 0.005 s−1, left: original, right: after removal of points that fail
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ig. 9. Simulations of positive electrode with frequency-dependent concentration lim
DL = 5000 F,  ̨ = 0.4, I0 = 2 A; left: original, right: after removal of points that fail Kra

H2SO4 (fi) = cH2SO4 (fi−1)

+
εex

neg · DH2SO4 · ((cH2SO4 (fi−1) − c0
H2SO4

)/
x2) + GMR,neg

εneg

t  (6)

With GMR = I·(2 t0
+ − 1)/2F and dividing by the equilibrium con-

entration c0
H2SO4

this becomes:

cH2SO4 (fi)

c0
H2SO4

= cH2SO4 (fi−1)

c0
H2SO4

+
εex

neg · (DH2SO4 /
x2) · ((cH2SO4 (fi−1)/c0
H2SO

εn

For i = 1, cH2SO4 (fi−1)/c0
H2SO4

= 1 is assumed.

The concentration of the Pb2+ ions can be calculated from:

dcPb2+ (t)

dt
= q − s (8)

 = −I/(2FVuni) is the amount of ions generated or consumed by
he main reaction; the negative sign is needed because charging
onsumes ions and discharging generates them. Vuni is a unified
olume. s is the amount of Pb2+ ions that combines with SO4

2− ions
o lead sulphate. It depends on the radius distribution f(r,t) of the
xisting sulphate crystals:

 = 4�

3
· 1

vm
· d

dt

∫ ∞

r∗
r3 · f (r, t)dr (9)

Eq. (9) can be simplified for the case that all crystals have the
ame radius. This simplification is good enough for a rough estima-
ion of the concentration:

 = 4 · � · N · r · DPb2+ · (cPb2+ − c0
Pb2+ ) (10)

Assuming again that the concentration is constant for each fre-
uency Eq. (8) becomes:

cPb2+ (fi)

c0
Pb2+

=
cPb2+ (fi−1)

c0
Pb2+

−
(

1

c0
Pb2+

· I

2F · Vuni
+ 4 · � · N · r · DPb2+ ·

(
c

Fig. 7 left shows simulated spectra with concentration lim-
tation. In analogy to the measurements, high frequencies are
imulated first so that limitation becomes only visible at low fre-

uencies. As in the measurements, curls occur at low frequencies.
ig. 8 shows a comparison of the simulated and the reconstructed
bsolute value of the impedance corresponding to the spectrum
t 4 I20 in Fig. 7 left. Fig. 7 right shows the simulated spectra after
n, frequency range 10 kHz to 1 mHz, eight frequencies per decade, with R0 = 0.1 m�,
Kronig consistency check (Z-HIT).

 1) + (1/c0
H2SO4

) · (((2t+
0 − 1) · I)/2F)


t (7)

fi−1)

+
− 1

))
· 
t  (11)

removing the values that did not pass Kramers–Kronig consistency
check. Apart from the −1 I20 simulation, no inductive semicircle is
visible any more, which makes it practically impossible to identify
the corresponding parameters. Comparison with the corresponding
simulation without concentration limitation [Part I of this paper]
shows that the remaining values are still partly influenced by the
limited concentration.

3.2. Positive electrode

Neglecting the high-frequency inductive semicircle and assum-
ing that no adsorption/desorption process occurs, the faradaic
impedance of the positive electrode simply consists of a charge-
transfer resistance. The overall impedance is then a purely ohmic
resistance in parallel to the double layer capacitance plus an
additional series inductance L. However, the Kramers–Kronig con-
sistency check of the measured spectra (Fig. 5) suggests that strong
concentration limitation is present. Similar to the negative elec-
trode, frequency-dependent concentration factors can be added;
here to the Butler–Volmer equation:

ict,pos = i0 ·
(

cPb2+ (f )

c0
Pb2+

· exp
(

 ̨ · n · F
R · T

· �
)

− cH2SO4 (f )

c0
H2SO4

· exp
(

− (1 − ˛) · n · F

R · T
· �
))

(12)

The factors are calculated analogously to Eqs. (7) and (11), but
with the corresponding values for the positive electrode for poros-

ity and diffusion distance 
x.  The generation term of the main
reaction GMR is different as well:

GMR,pos = (3 − 2t+
0 ) · I

2F
(13)
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ig. 10. Kramers–Kronig consistency check (Z-HIT) for simulation with 4 I20 in Fig. 9.

Fig. 9 left shows simulated spectra of a positive electrode with
oncentration limitation. Similar to the measurements, the semi-
ircle shows a “bump” and the real part even becomes negative
t some currents. Fig. 9 right shows the same simulation leaving
ut the points that do not pass Kramers–Kronig consistency check
Fig. 10). As for the measurements (Fig. 2), not much of the spec-
rum is left and it is hard to extract impedance parameters from
his. Also, it can be seen that even though the remaining impedance
alues pass the consistency check, they are still affected by the con-
entration limitation, indicated by the bend toward the imaginary
xis.
. Conclusion

Deformations of the spectra of both electrodes of lead-acid bat-
eries due to concentration limitation have been discussed. It has

[

Sources 207 (2012) 45– 50

been demonstrated that a frequency-dependent concentration of
Pb2+ ions and H2SO4 leads to curls in the spectra of the negative
electrode at low frequencies and to bumps in the capacitive semi-
circle of the positive electrode at intermediate frequencies, similar
to the measured spectra. Also, Kramers–Kronig transform fails for
those frequency ranges, just as for the measurements. It is thus
very likely that concentration limitation is the cause for stationarity
violations and consequent deformations of the spectra.
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